Abstract. We prove that a non-affine latin quandle (also known as left distributive quasigroup) of order 2 k exists if and only if k = 6 or k ≥ 8. The construction is expressed in terms of central extensions of affine quandles.
Introduction
Latin quandles, also known as left distributive quasigroups, appear in many contexts, including invariants of knots, geometry of symmetric spaces, set-theoretic solutions to the quantum YangBaxter equation, or the abstract theory of quasigroups and loops. We refer to [7, 16] for an overview of motivations and results on quandles in general, and latin quandles in particular. Many examples and facts mentioned in the introduction are explained in [16] .
One source of quandles comes from abelian groups: given an abelian group A = (A, +) and its automorphism ψ, set x * y = (1 − ψ)(x) + ψ(y). The resulting structure (A, * ) is a quandle, called affine. It is latin if and only if 1 − ψ is bijective. Affine quandles were enumerated by Hou [11] , providing explicit formulas for orders p k with k ≤ 4. All latin quandles of order p and p 2 are affine [8, 10] .
A less obvious source of quandles comes from Bol loops. Given a Bol loop L = (L, ·), set x * y = x(y −1 x). The resulting structure is a latin quandle, called the core of L. It is latin if and only if L is uniquely 2-divisible (in particular, if it has odd order). The smallest example has order 15, and there is one of order pq (p > q > 2) if and only if q | p 2 − 1 [14] . Hence, there are non-affine latin quandles of order pq with q | p 2 − 1.
One of the famous Belousov problems [2] asked if there is a latin quandle which is not isotopic to a Bol loop (in particular, it must be non-affine). The first counterexample was found by Onoi in 1970 [15] ; its order is 2 16 . Subsequently, Galkin developed a representation theory for latin quandles over transitive groups, which allowed to settle many problems [9] . For example, he proved that the smallest latin quandle not isotopic to a Bol loop has order 15, and that every smaller latin quandle is affine over an abelian group.
In recent years, there has been a considerable effort in enumeration of quandles in general [1, 13, 19] , and connected and latin quandles in particular [3, 4, 8, 10, 12] . Problem 1.1. Determine all n such that there exists a non-affine latin quandle of order n.
The following table summarizes the current state of the problem (k, n ∈ N, p, q odd primes).
order exists iff their number reference
Until now, it was unknown what is the smallest k such that there exists a non-affine latin quandle of order 2 k . A computer search over the library of transitive groups, based on Galkin's ideas, quickly reveals that k ≥ 6 [12] , and Onoi proved that k ≤ 16 [15] . Elaborating Onoi's ideas in the setting of central extensions [5] , we construct non-affine latin quandles of order 2 k for every even k ≥ 6. We also outline how to set a computer search that proves that there are none of order 2 7 . The main theorem and the outline of its proof is stated below. Theorem 1.2. A non-affine latin quandle of order 2 k exists if and only k = 6 or k ≥ 8.
Outline of the proof. See Example 3.10 for orders 2 4k , k ≥ 2, Example 3.11 for orders 2 6k , k ≥ 1, and use the direct product with the 4-element affine latin quandle or with one of the 8-element ones to obtain the remaining sizes. (The product of an affine and non-affine latin quandle is nonaffine, as follows from the Toyoda-Bruck theorem [16, Theorem 3.1] which expresses affineness by an identity.)
For non-existence, use the results of [5] (summarized in Proposition 2.3) to show that every nonaffine latin quandle can be represented by a central extension Q × 1−ψ,ψ,θ A, and set a computer search over all parameters Q, A, ψ, θ to show that all central extensions of order 2 7 are affine (see Section 4).
Preliminaries
A latin quandle (Q, * ) is a quasigroup in which all left translations are automorphisms. The former property says that both equations a * x = b and y * a = b have a unique soution for every a, b ∈ Q. The latter property can be expressed as an identity, called left self-distributivity:
A quasigroup is called medial, if it satisfies the identity (x * y) * (u * v) = (x * u) * (y * v).
Let A = (A, +, −, 0) be an abelian group and ψ ∈ Aut(A) such that 1 − ψ is bijective (it is indeed a homomorphism). We define a new operation on the set A by
Then (A, * ) is a medial latin quandle. Such quandles will be called affine over the group A, and denoted Aff(A, ψ). The Toyoda-Bruck theorem [16, Theorem 3.1] states that a quasigroup is medial if and only if it is affine in a somewhat broader sense. In particular, for latin quandles, mediality and affineness are equivalent properties.
Let Q be a quasigroup, A an abelian group, φ, ψ ∈ Aut(A), and consider a mapping θ : Q × Q → A, called a cocycle. We define an operation on the set Q × A by
for every a, b ∈ Q and s, t ∈ A. The resulting quasigroup
is called a central extension of Q over the triple (φ, ψ, θ).
The mapping Q × φ,ψ,θ A → Q, (a, s) → a, is a homomorphism, called canonical projection. For any fixed e ∈ Q such that e * e = e, the mapping Aff(A, φ, ψ) → Q × φ,ψ,θ A, a → (e, a), is a homomorphism, called canonical injection over e. Lemma 2.1. Let Q be a latin quandle, A an abelian group and φ, ψ ∈ Aut(A) and θ : Q × Q → A. Then the central extension E = Q × φ,ψ,θ A is a latin quandle if and only if ϕ + ψ = 1, θ a,a = 0, and
for every a, b, c ∈ Q. The extension E is medial if and only if, additionally,
Proof. Straightforward calculation.
Let Q be a latin quandle, A an abelian group and ψ ∈ Aut(A) such that φ = 1 − ψ is bijective. Cocycles satisfying (LD) form a subgroup of the direct power A Q 2 , to be denoted Z LD (Q, A, ψ).
Proof. It is straightforward to check that (a, x) → (a, α(x)) is an isomorphism.
Central extensions will be used for our constructions, and also for our non-existence arguments, due to the following fact. Proposition 2.3. Let Q be a latin quandle of prime power size. Then Q ≃ F × 1−ψ,ψ,θ A for some latin quandle F with |F | < |Q|, an abelian group A and ψ ∈ Aut(A) and θ ∈ Z LD (F, A, ψ).
Proof. According to [5, Corollary 6.6] , Q is nilpotent, hence there exists a chain of congruences
3. Constructions for every a, b ∈ O. The derived operation
yields an affine latin quandle, to be denoted Aff(O).
It is easy to see that α 3 = 1 O and that the only fixed point of α is 0. Since (O, +) is an elementary abelian 2-group and 3 | (|O| − 1), finite Onoi rings have 2 2k , k ≥ 0, elements. (1 2 3) . There are four ways to define a compatible multiplication:
• the zero ring, • the multiplication given by the three element latin quandle on {1, 2, 3} (this is the example that was used by Onoi in his original construction [15] ), • the other two examples result from the previous one by a cyclic shift of the rows in the multiplication table. The tables of the operations are below:
Let O be an Onoi ring and σ ∈ S n a permutation. We define O σ = (O n , + n , − n , 0 n , · σ , α n ) where + n , − n , 0 n , α n are defined coordinate-wise and (a 1 , a 2 , . . . , a n ) · σ (b 1 , b 2 
It is straightforward to check that O σ is an Onoi ring.
Example 3.5. Let O be an Onoi ring and σ ∈ S n×n a permutation. We define M σ n (O) to be the ring of n × n matrices over O with standard addition, α applied element-wise, and
It is straightforward to check that M σ n (O) is an Onoi ring. (Onoi [15] used this construction for n = 2 over his 4-element Onoi ring.) 
Hence, the resulting central extension is a latin quandle, to be denoted
Proof. We will verify the quandle cocycle conditions from Lemma 2.1. To simplify notation, we shall omit the index of α (which is always clear from the context), and we shall write αa instead of α(a) in this proof.
Clearly, θ a,a = 0 for all a ∈ O 1 and α 2 + α = 1. We verify the condition (LD). First, put all terms on one side, and we rewrite the cocycle values in terms of the Onoi mapping:
+αµ(a, a + c, a + c) + α 2 µ(a, a + b, a + b) + µ(α 2 a + αb, αb + αc, αb + αc).
We shall prove that the sum equals 0 for all a, b, c ∈ O 1 . Using linearity in the first coordinate of the last term, we isolate µ(αb, αb + αc, αb + αc) = αµ(b, b + c, b + c) and cancel it with the first term. Using the identities (OM1) and (OM2), we rewrite the remaining terms to the form µ(a, , ):
Now, using trilinearity, we expand all terms of the sum so that there is no addition in the arguments of µ. Also, using (OM3), we can shift the α mapping to the last coordinate. The results is the sum of the following terms:
µ(a, a, αa), µ(a, a, αc), µ(a, c, αa), µ(a, c, αc), µ(a, b, c), µ(a, c, b), µ(a, c, c) .
Using linearity in the third coordinate and the rules x + x = 0 and α 2 x + αx + x = 0, we see that all terms cancel out, thus the cocycle identity holds. 
Proof. We will show that the quandle cocycle condition (M) from Lemma 2.1 is equivalent to (µ1) and (µ2). We shall use the same simplification of notation as in the previous proof. Let 
and using the identities (OM1) and (OM2) and linearity in the first coordinate, it equals
Finally, we use linearity in the second and third coordinates to separate variables a, c and b, d in the last two terms, obtaining for every b, c. After renaming the variables in (aux2), adding (aux1), and using the rule α 2 x + αx + x = 0, we see that
for every a, b. In particular, we have µ(a, αa, b) + µ(a, b, αa) = µ(a, a, αb) + µ(a, αb, a) = 0, and (aux1) simplifies to (µ1). Now, using (aux3) and ( 
for every x, y, z. Finally, writing the equality
Using (aux4), (OM2) and (OM3), we see that
Apply this identity and what remains in the equality Θ ′′ (a, b, 0, d) = Θ ′′ (a, 0, b, d) after cancellation is exactly the identity (µ2).
Example 3.10. Let O be an Onoi ring and e ∈ O such that e(ee) = 0. Consider the Onoi ring O σ where σ ∈ S k such that σ(1) = 2 and σ(2) = 1, and denote e i = (0, ..., 0, e, 0, ..., 0) where e appears at i-th position. Let µ be the canonical Onoi mapping on O σ . Then µ(e 1 , e 1 , e 2 ) = e 1 · (0, ee, 0, . . . , 0) = (0, e(ee), 0, . . . , 0), but µ(e 1 , e 2 , e 1 ) = e 1 · (ee, 0, . . . , 0) = (0, . . . , 0), thus violating one of the identities in Lemma 3.9. Hence, the corresponding central extension Q(O σ , O σ , µ) is a non-affine latin quandle of order |O| 2k . In particular, using Example 3.3, we obtain non-affine latin quandles of all orders (4 k ) 2 = 2 4k , k ≥ 2.
Example 3.11. Let O be an Onoi ring and e ∈ O such that e(ee) = 0. Consider the mapping
It is straightforward to verify that this is an Onoi mapping between the direct power O 2 and O. We have µ((0, e), (0, e), (e, 0)) = e(ee), but µ((0, e), (e, 0), (0, e)) = 0, thus violating one of the identities in Lemma 3.9. Hence, the corresponding central extension Q(O 2 , O, µ) is a non-affine latin quandle of order |O| 3 . In particular, using direct powers of Example 3.3, we obtain non-affine latin quandles of all orders (4 k ) 3 = 2 6k , k ≥ 1.
